1.
Introduction Wave propagation through a particle-reinforced composite medium has been studied by many authors [1-13].
Except 15], all these studies assume that the inclusions bond perfectly with the surrounding matrix material. In In the present study, we analyze the problem of wave propagation in a composite medium with a random distribution of spherical inclusions. The inclusions are separated from the matrix by thin layers of elastic material.
The properties of the layers vary through the thickness such that there is a continuous transition from the inclusions to the matrix.
rhe object of this study was to explore the practicality of using ultrasound to characterize properties of interface layers. Ultrasound is a practical tool for measuring properties of, and characterizing the state of, r
ts.
-. Also, let the inclusion be separated from the matrix by a thin layer of uniform thickness h(<<a) with variable material properties A(r), p(r), and p(r). Here, A, p denote Lam& constants and p density. Let A(r), p(r) be expressed as
Here, f(r) and g(r) denote general functions of r. A special case arises
A, + 2p 1 with the stipulation that f(r) and g~r) with their first derivatives are continuous in (a, a + h). Since h is assumed to be much smaller than a, it follows from (3) that f'(a) and g'(a) can be approximated by
Another special case arises when the interface material possesses 7.. constant properties. Then we have
Here Al, pu are the Lam6 constants for the interface material.
We also make the assumption that h is much smaller than the wavelength of the propagating wave. Then, to first order in h/A, A being the wavelength, Here rij is the stress tensor and superscripts t, s, and i denote the transmitted, scattered, and incident field quantities, respectively. Note that rij, ,]j, and rij appearing above are calculated at r -a. The spherical polar coordinates r, 0, 9 are defined in Fig. 1 . Boundary conditions (6) express the fact that, to first order in h/A, the traction components do not suffer any jump across the layer. However, the displacement components suffer jumps given by
r r r A, + 2p, rr'
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Here,
Using equations (3) and (4) Here, k, -w/c, and k 2 -W/c 2 . w denotes the circular frequency of the wave and c,, c 2 denote the longitudinal and shear wave speeds in the matrix. The factor e -iwt was suppressed.
ul given above can be expanded in spherical vector wave functions as
Vector wave functions L M41 and N~1 appearing above are regular at r -0 and are gi-en by
The scattered and transmitted fields can be written
Here, the prime denotes that k, and k 2 are to be replaced by kj (-W/cj) and k; (-w/cj), respectively. cl and c; are the wave speeds in the inclusion. . The constants A, B, C, A', B', C' are found by using conditions (7) and 
Equations to determine Amn and Bmn are found to be The equation to find Bmn is
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Once Amn, Cmn, and Bmn are determined by solving (21) and (24), the scattered field is then found from (17). Since the expressions for the field inside the inclusion will not be needed to derive the dispersion equation governing the effective wavenumber of plane-wave propagation through the composite medium, we omit these.
3.

Distribution of inclusions
In [5, 14] the scattered-field expressions were used to calculate effective wave speeds at long wavelengths in a medium with a distribution of spherical inclusions with interface layers. A 'quasicrystalline' approximation together with the assumption of no correlation was used to derive expressions for the effective wave speeds. As has been shown [12] , particular forms of two-particle correlations can be included in the formalism. But this leads to complicated equations that require numerical solutions.
In this study, we adopt the approach taken in 
0i
Using (17) in (26), we find that for longitudinal waves the effective wave number is
For shear waves we obtain
In the following section we present phase velocity and attenuation Figures 4 and 5 show the results for the shear wave; the effect is slightly larger at moderate frequencies. We also computed the phase velocity and attenuation using eq.
(26). Figure 6 shows that eq. (27) overestimates the attenuation. For phase velocity, however, as shown in Fig. 7, eq. (26) overestimates it at low frequencies, underestimates it at moderate frequencies, and gives nearly the same results at high frequencies.
Finally, in Figures 8-11 we show results for the second example: * SiC-Al. These results are based on eq. (27) and show that the interface decreases both the attenuation and the phase velocity.
:N1
Conclusions
We considered the effect of thin interface layers between the inclusions and the matrix in modifying the dynamic properties of composite materials. Dynamic effective properties were calculated by using Foldy's equations. We found that interface effects are larger in some composites.
We also studied the predictions based on iterative solutions of modified Foldy's equations in which the scattering amplitudes were calculated assuming that the matrix had the properties of the composite. This iterative solution underestimates attenuation in general; at low frequencies it overestimates phase velocity.
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:'S 4 List of Figures   Fig. 1 . Geometry of a spherical inclusion with an interface layer. Fig. 2 . Attenuation of longitudinal waves in a lead-epoxy composite with and without interface layer. Fig. 3 . Phase velocity of longitudinal waves in a lead-epoxy composite with and without interface layer. 
